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Abstract
We perform a joint fit to HERA measurements of the unpolarized deep
inelastic scattering structure functions F2 (x,Q2) and FL (x,Q2) over a very
large kinematical range in the photon virtualily Q2 ≤ 400 GeV2 and Bjorken
variable x < 0.01. This is done by considering a U (1) vector gauge field
minimally coupled to the graviton Regge trajectory in improved holographic
QCD. We find good agreement with the data from HERA achieving a χ2
of 1.4 without removing presumed outliers existing in data. If we consider
only data with Q2 ≤ 10 GeV2 the quality of the fit improves to a χ2 of
1.3. An approximate relation between the structure functions, valid at NLO
QCD, is used to estimate the parton distribution function of the gluon inside
the proton. Our PDFs are in agreement with the NLO results presented by
CTEQ and NNPDF collaborations.
1. Introduction
The finding that the Pomeron is dual to the graviton Regge trajectory [1]
ignited the application of the gauge/gravity duality in the analysis of QCD
processes dominated by Pomeron exchange. This observation has been stud-
ied in a multitude of diffractive processes, like low-x deep inelastic scattering
(DIS), deeply virtual Compton scattering, vector meson production, double
diffractive Higgs production, central production of mesons, as well as other
inclusive processes [2-39]. These studies showed that holographic QCD is
a valuable tool to study physical processes where the partonic structure is
dominated by a gluon rich medium.
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Currently the proton is seen as a collection of partons, each carrying a
fraction x of the longitudinal momentum. The probability density of finding
a given parton carrying a momentum fraction x at a squared energy scale
Q2 = −q2 is known as a Parton Distribution Function (PDF). The precise
knowledge of the PDFs is vital to test predictions of the Standard Model
and beyond Standard Model models in the LHC. However, these objects are
nonperturbative and cannot be derived from first principles in QCD. Instead
the functional dependence of the PDFs on x is parameterised at some high
enough scale Q2 = Q20 where nonperturbative effects are not important.
These input distributions can then be evaluated at another scale Q2 using the
DGLAP equations, provided the formalism of perturbative QCD is adequate.
The input parameters are then fixed by data from different experiments.
Despite the successes of this procedure, perturbative QCD techniques, like
the BFKL pomeron [40, 41, 42], breakdown in the low x kinematical regime
where the gluons dominate.
In this paper we focus on unpolarized DIS at low Bjorken x, extending
the previous work [33]. The basic idea is to construct the holographic Regge
theory for the glueball exchange associated with the Pomeron trajectory.
In DIS the Pomeron couples to the quark bilinear electromagnetic current
Jµ = ψ¯γµψ, which is described holographically by the interaction between
a bulk U(1) vector gauge field and the graviton Regge trajectory. Here we
shall extend the analysis for the structure function F2 of [33] by including
HERA data for the structure function FL. We shall perform a chi squared
fit of our model to F2 and FL HERA data presented in [43, 44]. The fit uses
313 data points, covering the very large kinematical range of x < 10−2 and
Q2 ≤ 400 GeV2 for F2 and Q2 ≤ 45 GeV2 for FL, where Q2 is the photon
virtuality. We have found a χ2 of 1.4. For a reduced set of data points with
Q2 ≤ 10 GeV2 we found a χ2 of 1.3.
The gluon PDF can be extracted from both structure functions F2 and
FL. This was done in the context of holographic QCD in [45] using the BPST
kernel for pomeron exchange and a hard-wall in AdS5 to add confinement
effects. The results presented in [45] were obtained using a χ2 fit with data for
Q2 ≤ 10 GeV2 (also obtaining χ2 = 1.3). Since we have a good description of
both F2 and FL in a wider photon virtuality range, we use the same method
to compute the holographic gluon PDF. We compare our results with the
NLO results of the CTEQ and NNPDF PDF sets, finding good agreement
throughout the larger kinematical region.
This letter is organized as follows. We first review how to obtain ex-
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pressions for the DIS structure functions F2(x,Q2) and FL(x,Q2) in generic
AdS/QCD models. Later we focus on the improved holographic QCD model
of [46, 47, 48] and we fit our model for Pomeron exchange to low unpo-
larized x DIS data. Then we extract the gluon PDF from our holographic
computation of F2 and FL.
2. Holographic computation of F2 and FL structure function
In this section we review how to compute the structure functions F2 and
FL holographically. Details can be found in [33] and hence we will just present
the main formulas that allow us to derive expressions for F2 and FL in terms
of holographic quantities.
Using the optical theorem the structure functions can be related to the
amplitude for forward Compton scattering
AFC(q, P ) = i(2pi)4δ4
(∑
i
ki
)[
n2T F˜1(x,Q
2) +
2x
Q2
(nT · P )2 F˜2(x,Q2)
]
, (1)
where q is the momentum of the incoming photon, P is the momentum of the
incoming hadron and nT = nT (q) is the transverse projection of the virtual
photon polarization nµ. The DIS structure functions are extracted from the
forward Compton amplitude through
Fi(x,Q
2) = 2pi ImF˜i(x,Q
2), (i = 1, 2) (2)
and FL = F2 − 2xF1.
Before showing how to compute (1) holographically let us introduce the
kinematics. We use light-cone coordinates (+,−,⊥), with the flat space
metric given by ds2 = −dx+dx− + dx2⊥, where x⊥ ∈ R2 is a vector in impact
parameter space. We take for the large s kinematics of 12 → 34 scattering
the following
k1 =
(√
s,−Q
2
√
s
, 0
)
, k2 =
(
M2√
s
,
√
s, 0
)
, (3)
where k1 is the incoming photon momenta and k2 is the incoming proton
momentum with mass M . For the forward Compton scattering amplitude
the momentum transfer q⊥ = 0 so that the outgoing photon has k3 = −k1
3
Figure 1: Tree level Witten diagram representing spin J exchange in 12→ 34 scattering.
The n1 and n3 labels denote the incoming/outgoing photon polarizations, for forward
scattering n1 = n3.
and the outgoing proton k4 = −k2. The incoming and outgoing photon
polarizations are the same. The possible polarization vectors are
n(λ) =
{(
0, 0, λ
)
, λ = 1, 2 ,(√
s/Q,Q/
√
s, 0
)
, λ = 3 ,
(4)
where λ is just the usual transverse polarization vector.
In the framework of AdS/QCD the above scattering amplitude can be
computed with the Witten diagram shown in figure 1. The upper part of
the diagram is related to the incoming and outgoing virtual photons, whereas
the bottom part to the proton target. We are interested in the Regge limit
where the amplitude is dominated by the exchange of the graviton Regge
trajectory, which includes fields of even spin J . We also need to define our
holographic external states. Among other fields, the holographic dual of
QCD will have a dilaton field and a five-dimensional metric, which in the
vacuum will have the form
ds2 = e2A(z)
[
dz2 + ηµνdx
µdxν
]
, Φ = Φ(z) , (5)
for some unknown functions A(z) and Φ(z). We shall use greek indices in
the boundary, with flat metric ηµν . We will work in the string frame.
In DIS the external photon is a source for the conserved U(1) current
ψ¯γµψ, where the quark field ψ is associated to the open string sector. The
five dimensional dual of this current is a massless U(1) gauge field A. We
shall assume that this field is made out of open strings and that is minimally
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coupled to the metric, with the following action
SA = −1
4
∫
d5X
√−g e−ΦFabF ab (6)
where F = dA and we use the notation Xa = (z, xα) for five-dimensional
points. We will fix the gauge of the U(1) bulk field to be DaAa = 0, which
gives Az = 0 and ∂µAµ = 0. In this gauge, the solution to the equation of
motion ∇a
(
e−ΦF ab
)
= 0 is given by
Aµ(X; k, λ) = nµ(λ) fk(z) e
ik·x , (7)
where fk(z) solves the differential equation[−Q2 + eΦ−A∂z (eA−Φ∂z)] fQ(z) = 0 . (8)
The momentum k and the polarisation vector n(λ), given in (4), satisfy
k2 = Q2 , nz = 0 , k · n = 0 . (9)
The UV boundary condition f(0) = 1 gives the non-normalizable solution,
since the off-shell photon acts as a source for the quark bilinear current ψ¯γµψ.
For the proton target we consider a scalar field Υ that represents an
unpolarised proton described by a normalizable mode of the form
Υ(X; p) = υm(z) e
ip·x , (10)
where p is the momentum and m2 = −p2. As explained in detail in [33],
the specific details of the function υm(z) will not be important because it
will appear in an integral that can be absorbed in the coupling between the
pomeron and the proton.
Next, to compute the Witten diagram of figure 1, we need to consider the
interaction between the external scattering states and a spin J field in the
graviton Regge trajectory. The higher spin fields come from the closed string
sector, while the external fields come from the open sector. Their coupling
is done by extending the minimal coupling between the graviton and the
external states. This issue has been discussed in detail in [33], thus we will
just write the final result. We start by decomposing the spin J field ha1...aJ in
SO(1, 3) irreducible representations. Then, in the Regge limit, we are only
interested in the TT components of this field hα1...αJ , with ∂νhνα2...αJ = 0
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and hννα3...αJ = 0. The coupling between the U(1) gauge field and the TT
components of the spin J field has the form
κJ
∫
d5X
√−g e−Φhα1...αJFα1a∂α2 . . . ∂αJ−1FαJa . (11)
For the scalar field Υ we have
κ¯J
∫
d5X
√−g e−Φhα1...αJΥ∂α1 . . . ∂αJΥ . (12)
Using the ingredients we have just introduced the contribution to the
forward Compton scattering amplitude due to spin J exchange can be com-
puted. Then one needs to sum over the fields with of spin J = 2, 4, . . . in
the graviton Regge trajectory. This sum can be converted into an integral
in the complex J-plane through a Sommerfeld-Watson transform. From the
resulting expression and using (2) one obtains for the DIS structure functions
F1 and F2 [33]
xFi(x,Q
2) = 4piQ2
∫
dzdz¯ P
(i)
13 (Q
2, z)P24(P
2, z¯) Im
[
χ(s, t = 0, z, z¯)
]
, (13)
where
P
(1)
13 (Q
2, z) = eA(z)−Φ(z)f 2Q , (14)
P
(2)
13 (Q
2, z) = eA(z)−Φ(z)
[
f 2Q +
1
Q2
(∂zfQ)
2
]
, (15)
P24(P
2, z¯) = e3A(z¯)−Φ(z¯)Υ2(P 2, z¯) , (16)
and
χ(s, t, z, z¯) =
pi
4
∫
dJ
2pii
S(z, z¯)J−1
(
1− (−1)J)
sin(piJ)
kJ k¯J
2J
GJ(z, z¯, t) , (17)
with S(z, z¯) = se−A(z)−A(z¯). The eikonal phase χ(s, t, z, z¯) results from the
+ · · ·+,− · · ·− component of the spin J propagator GJ(z, z¯, t), which admits
a spectral representation
GJ(z, z¯, t) = e
B(z)+B(z¯)
∑
n
ψn(J, z)ψ
∗
n(J, z¯)
tn(J)− t , (18)
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where ψn(J, z) are the normalizable modes associated to the spin J fields,
that is they describe massive spin J glueballs. The function B(z) depends
on the particular holographic QCD model, for the model here considered
B = Φ− A/2.
The next step is to assume that the J-plane integral can be deformed
from the poles at even J, to the poles J = jn(t) defined by tn(J) = t. The
scattering domain of negative t contains these poles along the real axis for
J < 2. After this step the expressions for F1 and F2 become
2xF1(x,Q
2) =
∑
n
gnx
1−jn(0)Q2jn(0)P¯ (1,n)13 (Q
2) , (19)
F2(x,Q
2) =
∑
n
gnx
1−jn(0)Q2jn(0)P¯ (2,n)13 (Q
2) , (20)
where
P¯
(1,n)
13 =
∫
dzf 2Q e
(2−jn)A(z)+B(z)−Φ(z)ψn(jn, z), (21)
P¯
(2,n)
13 =
∫
dz
[
f 2Q +
1
Q2
(∂zfQ)
2
]
e(2−jn)A(z)+B(z)−Φ(z)ψn(jn, z), (22)
with jn evaluated at t = 0. The constants gn, which involve the AdS local
couplings and an integral over the proton wavefunction, will be used as fitting
constants of the model.
The above discussion is aplicable to any holographical model of QCD.
We shall consider the improved holographic QCD model introduced in [46,
47, 48]. Solving the model such that the spectrum of the scalar and tensor
glueballs is reproduced fixes the background fields A(z) and Φ(z), which give
an approximate dual description of the QCD vacuum. We may then compute
the non-normalizable modes for any Q2 by solving numerically the equation
(8) with the UV boundary condition fQ(0) = 1.
All that is left is the equation of motion for the spin J fields that are dual
to the twist two operators, whose exchange gives the dominant contribution
in DIS at low x. This equation is then analytically continued in J , in order to
do the Sommerfeld-Watson transform in Regge theory. As described in detail
in [33] the normalisable modes of the spin J field ψn(z) solve a Schrödinger
problem (
− d
2
dz2
+ UJ(z)
)
ψn(z) = tnψn(z) , (23)
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where
UJ(z) =
3
2
(
A¨− 2
3
Φ¨
)
+
9
4
(
A˙− 2
3
Φ˙
)2
+ (24)
+ (J − 2)e−2A
[
2
l2s
(
1 +
d√
λ
)
+
J + 2
λ4/3
+ e2A
(
aΦ¨ + b
(
A¨− A˙2
)
+ cΦ˙2
)]
.
The first line in this equation represents the potential for the graviton and the
remaining terms deform the graviton potential. This potential is analytically
continued in J in such a way that the value of the intercept J = jn is ob-
tained when the n-th eigenvalue satisfies tn(J) = 0. We will use a Chebyshev
algorithm with 1000 points to compute the eigenvalues tn and the eigenfunc-
tions ψn. From the low energy effective string theory perspective, ls is related
to the string tension; d is related to the anomalous dimension curve of the
twist 2 operators, or it can also be thought as encoding the information of
how the masses of the closed strings excitations are corrected in a slightly
curved background; the constants a, b and c encode the first order derivative
expansion in effective field theory. All these constants will be adjusted from
fitting F2 and FL data.
Finally, the DIS structure functions F2 and FL can be written in Regge
theory in the following form
Fi(x,Q
2) =
∑
n
fi,n(Q
2)x1−jn , (25)
where
f2,n(Q
2) = gnQ
2jn
∫
dz e−(jn−
3
2)A
(
f 2Q +
f˙ 2Q
Q2
)
ψn , (26)
fL,n(Q
2) = gnQ
2jn
∫
dz e−(jn−
3
2)A
f˙ 2Q
Q2
ψn . (27)
The constants gn will be fixed by a joint fit to F2 and FL, thus the details of
the proton holographic wave function are not important in the fit.
3. Data analysis and results
With the previously described setup we proceed to find the best values
for the potential parameters ls, a, b, c and d, as well as for the coupling values
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Figure 2: Structure function F2(Q2, x). Shown are the experimental points vs prediction
with a fit of χ2d.o.f = 1.4. Each line corresponds to a given Q
2(GeV2) as indicated.
gn that better fit the data. We use the first four Reggeons, which are enough
to reproduce the non-trivial x behaviour that can be recasted in terms of
an effective Q dependent exponent as σ = f(Q2)x−(Q2). Adding several
trajectories explains the so-called hard-pomeron behaviour for large Q and
the soft-pomeron behaviour for smaller Q, as discussed in [33]. We look, as
usual, for the best set of parameter values such that the sum of the weighted
difference squared between experimental data and model predicted values is
minimum, using as weight the inverse of the experimental uncertainty. The
sum involves both data from HERA measurements of F2 and FL. F2 data
contributes with 249 experimental points with x < 10−2 and Q2 ≤ 400 GeV2,
while FL measurements include 64 points with x < 10−2 and Q2 ≤ 45GeV2.
Because there is no known relation between the potential parameters and
its spectrum we can not compute efficiently the gradient of the function to
be optimized. We use then the implementation of the Nelder-Mead (NM)
algorithm in C++ presented in the book Numerical Recipes. This algorithm
requires only function calls in order to find the minimum of a function. In our
case we have an optimisation problem with 9 free parameters which is non-
convex in general. We are then in the presence of a non-trivial optimisation
problem because when the NM algorithm terminates we do not know if the
minimum found is a local or global minimum. To mitigate this problem we
started the algorithm with different initial guesses in the parameter space
and took as the global minimum the lowest value found for χ2.
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Table 1: Values of the parameters for the best fit found. All parameters are dimensionless
except for [ls] = L, whose inverse numerical value is expressed in GeV units. As an output
we also show the intercept of the first four Pomeron trajectories.
parameter value coupling value Intercept
l−1s 6.491 g0 0.166 j0 = 1.17
a -4.567 g1 0.088 j1 = 1.08
b 1.485 g2 0.245 j2 = 0.975
c 0.653 g3 -1.551 j3 = 0.913
d -0.113
The best fit we found had a χ2 around 1.4 and the best fit parameters are
displayed in table 1. In this table we also show the value of the intercept for
the four Pomerons here considered. The first two trajectories are precisely
compatible with QCD values for the hard and soft Pomerons. Our best fit
results for F2(x,Q2) are presented in figure 2 and for FL(x,Q2) in figure 3.
Overall we see that there is an improvement in comparison with the results
of [33] where the best fit to F2(x,Q2) gave a χ2 = 1.7.
We also performed a fit for Q2 ≤ 10 GeV2, in the region where holography
is better suited. For this fit we obtained a χ2 around 1.3 with the best fit
parameters in table 2. The fit improves only slightly in comparison with
the previous one, at the expense of covering a much smaller kinematical
region. The latter fit is of the same quality as that obtained in [45] for the
same reduced set of data points. That work considered the BPST kernel for
pomeron exchange and a hard-wall in AdS5 to add confinement effects.
Table 2: Values of the parameters for the best fit found for Q2 ≤ 10GeV2 and intercept
of the four Pomeron trajectories.
parameter value couplings value Intercept
l−1s 6.53642 g0 0.173979 j0 = 1.17
a -4.36898 g1 0.119573 j1 = 1.08
b 1.43068 g2 0.229406 j2 = 0.967
c 0.627532 g3 -1.65699 j3 = 0.899
d -0.116385
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Figure 3: Preditcted structure function FL(Q2, x) vs experimental data with a χ2d.o.f = 1.4.
Each line corresponds to a given Q2(GeV2) as indicated.
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4. Gluon Parton distribution functions
The structure functions F2 and FL of the proton can be written in terms
of the proton’s PDFs. Their physical meaning is the probability density
for finding a parton with a certain longitudinal momentum fraction x at
resolution scale Q2. In the naive quark parton model F2 =
∑
i e
2
ixqi(x),
where the phenomena of Bjorken scaling is predicted, i.e. F2 dependes only
on x and not Q2. The parton model also predicts that
FL
(
x,Q2
)
= F2
(
x,Q2
)− 2xF1(x,Q2) = 0 , (28)
which is known as the Callan-Gross relationship and is satisfied if the par-
tons inside the proton have spin-1
2
. These relations follow from considering
only the QED diagram γ∗-parton and assuming that the partons have zero
transverse momentum. At NLO QCD gluon radiation and g → qq¯ processes
give rise to lnQ2 scaling violations and to partons with non-zero transverse
momentum. Hence the Callan-Gross relation is no longer true, and FL can
be related to F2 and the gluon PDF g(x,Q2) through [49]
FL
(
x,Q2
)
=
αs(Q
2)
4pi
(
16
3
IF + 8e¯
2IG
)
, (29)
where
IF =
∫ 1
x
dy
y
(
x
y
)2
F2
(
y,Q2
)
, (30)
IG =
∫ 1
x
dy
y
(
x
y
)2(
1− x
y
)
G(y,Q2), (31)
and where G(y,Q2) = yg(y,Q2), αs is the QCD coupling and e¯2 is the sum of
the squares of the electric charges of the active quark flavours. The number
of active flavours nf changes with the scale at which we want to evaluate
the PDF. In this work we will assume that nf = 3 for Q2 ≤ mc, nf = 4
for mc < Q2 ≤ mb and nf = 5 otherwise. mc and mb are the masses of the
charm and bottom quarks, respectively. We wish to express the gluon PDF
g(x,Q2) in terms of the structure functions F2 and FL. This can be done by
computing the derivative with respect to x of (29) and using the definition
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of the integrals IF and IG. A straightforward computation yields1
e¯2G(x,Q2) =(−2 + 2x
3
∂
∂x
)
F2
(
x,Q2
)
+
pi
αs(Q2)
(
3− 2x ∂
∂x
+
x2
2
∂2
∂x2
)
FL
(
x,Q2
)
. (32)
We use the NLO result (32) to estimate the function G(x,Q2) at small x
from the holographic values for F2 and FL computed using the best fit pa-
rameters in table 1. We shall compare our gluon PDFs with the CT18NNLO
and NNPDF collaborations [51, 52], also at NLO. For the coupling constant
αs(Q
2) in (32) we used the holographic value (see [53] for a plot of this func-
tion). Since the functions F2 and FL do not reproduce the data in the range
10−2 < x < 1, and in particular have the wrong asymptotics for x → 1,
we do not expect to be able to reproduce G(x,Q2) in the transition region
x ∼ 10−2 where there are other contributions to the structure functions from
quarks. To match the correct asymptotic values in this transition region, we
added a constant function f(Q2) to G(x,Q2) such that we match the value
of G(x,Q2) given by the average of the other collaborations at the specific
value x = 10−2. Our main goal is to assess whether or not we can predict
the correct low x evolution of the gluon PDFs. Our results are presented in
figure 4. It clear that we are able to reproduce the correct behaviour within
the other collaborations allowed regions. Of course these results should be
taken as a simple qualitative indication, since we are using a NLO expression
for the gluon PDFs together with the holographic structure functions and
coupling constant.
5. Conclusion
In this letter we extended the previous work of [33], that considered the
improved holographic QCD model to study DIS at low x, to the case of
unpolarized DIS. The χ2 quality of our fit improves on this previous work
from χ2 = 1.7 to χ2 = 1.4. This is due to the fact that, in addition to the 249
data points from the structure function F2, we have an extra of 64 data points
1The approximate formula e¯2xg(x,Q2) = 5.9pi2αs(Q2)FL
(
0.4x,Q2
) − 5.93 F2(0.8x,Q2) was
derived in [50], however we shall use (32) since it follows from the NLO expression (29)
without further approximations.
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Figure 4: Comparison between the holographic gluon PDFs with the ones of CT18NNLO
and NNPDF for Q2 = 5, 10, 20, 100 GeV2.
from the structure function FL, which can also be described holographically.
These results are obtained in a very large kinematical window of x < 10−2
and Q2 ≤ 400 GeV2 for F2, and Q2 ≤ 45 GeV2 for FL. Reducing the data
set to Q2 ≤ 10 GeV2 we found a fit with χ2 = 1.3, of the same quality as in
the recent work [45].
Using the NLO relation (32) we were able to reproduce the low x evo-
lution of gluonic PDFs using as input the holographic functions F2, FL and
αs(Q
2). In the region of larger Q2 there is more tension in matching to the
PDFs of the other collaborations, as can be seen in the Q2 = 100 GeV2 plot
of figure 4. According to equation (32), in this region it is essential to have
a good description of FL because it is divided by αs which is small for high
values of Q2 due to asymptotic freedom. Since we are performing a χ2 fit to
the data, the fitting process favours a good description of F2 because the un-
certainties are lower than those of FL as compared with the value measured.
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The uncertainties of FL are of the same size as the measured value. Thus,
better measurements of FL might help our model give a better description of
the gluon PDFs. Moreover, for high values of Q2 it is important to include
heavy quarks in global QCD fits. Nowadays PDF groups use variable flavour
schemes in order to produce high quality results. To holography this means
that the holographic dual must contain quark flavour degrees of freedom if
the model ought to be successful at computing them. The IHQCD model
we used as our QCD vacuum exhibits the properties of large Nc Yang-Mills,
including the running of the coupling constant. Following the ideas of [54], it
would be very interesting to include flavour degrees of freedom in this holo-
graphic QCD model and to test if the quality of our fits generically improve,
mainly for high Q2. Including quarks is actually necessary because it is be-
lieved that the third and fourth dominant Regge trajectory actually come
from the mesonic sector, instead of the glueball sector.
Another problem would be to determine holographically the gluonic PDFs,
without making reference to perturbative QCD definitions. Holography may
actually be the right set up for a non-perturbative definition. In fact, gluonic
PDFs can be defined using a Wilson loop operator (see for example [55]).
Thus, it would be very interesting to use the duality between Wilson loops
and strings in the dual geometry to explore this problem.
For future work we also wish to extend the range of process involving
pomeron exchange that can be described holographically. In a companion
paper [56] we show how to reproduce low x data for γ∗γ → X, γ∗p → X
and pp→ X processes using the parameters that describe Pomeron exchange
fixed in this letter (and given by table 1).
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